Abstract. We work in the smooth category. If there are non-trivial knots S n → R m , which often happens for 2m < 3n + 4, then no concrete complete description of embeddings of nmanifolds into R m up to isotopy was known, except for disjoint unions of spheres. Let N be a closed connected orientable 3-manifold. Our main result is the following description of the set Emb 6 (N) of embeddings N → R 6 up to isotopy. The Whitney invariant W : Emb
Introduction
Main results. This paper is on the classical knotting problem in topology: given an n-manifold N and a number m, describe the set Emb m (N ) of isotopy classes of embeddings N → R m . We work in the smooth category.
If 2m ≥ 3n+4 (or if every embedding S n → R m is isotopic to the standard embedding), then the knotting problem is easier. For recent surveys see [RS99, Sk02, §1, Sk06] . If there are non-trivial embeddings S n → R m , which often happens for 2m ≤ 3n + 3, then the knotting problem is much harder: for N distinct from disjoint union of spheres no concrete complete description of isotopy classes was known (in spite of the existence of interesting approaches [Br68, Wa70, GW99] ). (For rational and piecewise linear classification see [CRS] and [Hu69, §12, Vr77, Sk02, Sk05, Sk], respectively.) In particular, the classification of embeddings N → R 2n was known for n ≥ 4 (see [HH63] and [Ba75, Vr77] for the orientable and the non-orientable cases, respectively, or [Sk06, §2] for both) and was unknown for n = 3 (except for disjoint union of 3-spheres).
In this paper we address the case (m, n) = (6, 3) and, more generally, 2m = 3n + 3. We assume everywhere that N is a closed connected orientable 3-manifold, unless the opposite is explicitly indicated. Our main result is a complete concrete description of the set Emb 6 (N ) of embeddings N → R 6 up to isotopy. We omit Z-coefficients from the notation of (co)homology groups.
Classification Theorem. For every closed connected orientable 3-manifold N the Whitney invariant W : Emb
is surjective. For each u ∈ H 1 (N ) the Kreck invariant
Corollary. (a) There is an embedding f : S 1 × S 2 → R 6 such that for each knot t : S 3 → R 6 the embedding f #t is isotopic to f . Such an embedding f is the connected sum of 2∂D 4 × x with ∂D 2 × S 2 ⊂ D 4 × S 2 ⊂ 2D 4 × S 2 ⊂ R 6 , where 2D 4 × S 2 ⊂ R 6 is the standard embedding. (b) Take the standard embedding f : S 1 × S 2 → R 6 (or any embedding f : N → R 6 such that f (N ) ⊂ R 5 ). Then for each non-trivial knot t : S 3 → R 6 the embedding f #t is not isotopic to f .
Corollary (a) is generalized and proved in the next subsection. Corollary (b) for f = g follows from Classification Theorem and Remark (c) of the next subsection. Corollary (b) follows from Classification Theorem and Compression Remark of the subsection 'constructions of embeddings'.
In §2 and §3 which are independent on each other we present two proofs of Classification Theorem. They correspond to the two definitions of the Kreck invariant in the next subsection. We present both proofs because their ideas and generalizations are distinct.
The first proof ( §2) is the result of a discussion with Matthias Kreck who kindly allowed to include it into this paper. It uses new approach involving the Kreck modified surgery theory; for ideas of this proof see [KS05, Introduction] . This proof is self-contained in the sense that it only uses modification of surgery theory [Kr99] . In particular we reprove the Haefliger result Emb 6 (S 3 ) ∼ = Z. This idea is useful in other relatively low dimensions: for embeddings of 4-manifolds into R 7 [KS05] and 5-manifolds into R 8 or R 9 , cf. (2) of §4.
The second proof ( §3) uses many results (the Haefliger construction of the isomorphism Emb
6 (S 3 ) ∼ = Z, the Haefliger smoothing theory [Ha67, Ha] , the Boéchat-Haefliger smoothing result [BH70] ; the latter uses either the calculation of cobordism classes of PL embeddings of 4-manifolds into R 7 [BH70] or the argument of [Bo71, p. 153] ). Its idea allows to obtain the following result proved in §3, cf. [Sk02, Corollary 1.5, Sk06, §2 and §3].
Higher-dimensional Classification Theorem.
(a) Emb 6k (S p × S 4k−1−p ) ∼ = π 4k−1−p (V 2k+p+1,p+1 ) ⊕ Z for 1 ≤ p ≤ 2k − 2. (b) The Whitney invariant W : Emb 6k (S 2k−1 × S 2k ) → Z is surjective and for each u ∈ Z there is a bijective invariant η u : W −1 u → Z u . (c) Let N be a closed parallelizable homologically (2k − 2)-connected (4k − 1)-manifold. Then the Whitney invariant W : Emb 6k (N ) → H 2k−1 (N ) is surjective and for each u ∈ H 2k−1 (N ) there is a bijective invariant η u :
Definitions of the invariants.
Definition of the Whitney invariant. Since N is orientable, it follows that N embeds into R 5 [Hi61] . Fix an embedding g : N → R 6 such that g(N ) ⊂ R 5 . Let B 3 be a closed 3-ball in N . Denote N 0 := Cl(N − B 3 ). Let f : N → R 6 be an arbitrary smooth embedding. The restrictions of f and g to N 0 are regular homotopic by [Hi60] . Since N 0 has a 2-dimensional spine, it follows that these restrictions are isotopic, cf. [HH63, 3.1.b]. So we can make an isotopy of f and assume that f = g on N 0 . Take a general position homotopy F : B 3 × I → R 6 relative to ∂B 3 between the restrictions of f and g to B 3 . Then f ∩ F := (f | N−B 3 ) −1 F (B 3 × I) (i.e. 'the intersection of this homotopy with f (N − B
3 )') is a 1-manifold (possibly non-compact) without boundary. This 1-manifold has a natural orientation, see the details in Remark (a) below. Define W (f ) to be the homology class of the closure of this oriented 1-manifold:
For a closed homologically (2k − 2)-connected (4k − 1)-manifold N the Whitney invariant W : Emb 6k (N ) → H 2k−1 (N ) is defined analogously to the above by
Remarks. (a) Choose an orientation on N . For each point x ∈ f ∩ F take a vector at x tangent to f ∩ F . Complete this vector to a positive base tangent to N . By general position there is a unique point y ∈ B 3 × I such that F y = f x. The tangent vector at x gives thus a tangent vector at y to B 3 × I. Complete this vector to a positive base tangent to B 3 × I, where the orientation on B 3 comes from N . The union of the images of the constructed two bases is a base at F y = f x tangent to R 6 . If this base is positive, then call the initial vector of f ∩ F positive. Since change of the orientation on f ∩ F forces change of orientation of the latter base tangent to R 6 , it follows that this condition indeed defines an orientation on f ∩ F . Since change of the orientation on N forces change of orientation on B 3 , this definition is independent on the choice of the orientation on N . (d) The definition of W depends on the choice of g, but we write W not W g for shortness. If H 1 (N ) has no 2-torsion, then W is in fact independent on g by Compression Remark of the next subsection (or by Boechat-Haefliger invariant Lemma of §3).
A generalization of Corollary (a) and its proof. For u ∈ Z instead of an embedded 3-sphere 2∂D
4 × x we can take u copies (1 +
Then we join these spheres by tubes so that the homotopy class of the resulting embedding S 3 → S 6 − D 4 × S 2 ≃ S 6 − S 2 ≃ S 3 will be u. Let f be the connected sum of this embedding with the standard embedding ∂D 2 × S 2 ⊂ R 6 . Clearly, W (f ) = u. Hence by Classification Theorem and Addendum for the generator t of Emb 6 (S 3 ) the embedding f #kt is isotopic to f if and only if k is divisible by u.
The above construction is a new simplified construction of the knotted torus of [Hu63]; for further generalization see [Sk, Definition ofμ 
The Wall definition of the Kreck invariant η : Emb 6 (S 3 ) → Z. Let f : S 3 → R 6 ⊂ S 6 be an embedding. Take a framing of f . Take the 6-manifold X obtained from S 6 by surgery on the obtained framed embedding. Take the generator e ∈ H 2 (X) ∼ = Z corresponding to the 2-sphere standardly linked with f . The Kreck invariant is . Their restrictions to N 0 are isotopic (cf. the definition of the Whitney invariant). Identify the restrictions to N 0 of normal bundles of f and f 0 by (any) such isotopy. Since π 2 (SO 3 ) = 0, it follows that this identification extends to an orientation-preserving fiberwise isomorphism ϕ : ∂C f → ∂C f ′ . In §2 the following result is proved.
This is well-defined by the following Lemma proved in §2 (note that ϕ cannot be changed without changing H).
In this lemma parts (a) and (b) are easy, while parts (c) and (d) are non-trivial and are most essential steps in the proof of the Classification Theorem. Now fix an embedding
. (This construction of η u depends on the choice of f ′ , but we write η u not η uf ′ for shortness.)
The second equality of Addendum follows because η W (f ) (f #kt, f ) ≡ kη(t) ≡ k mod d(u) (the equality η(t) = 1 is reproved in the first paragraph of §2).
Definition of the Kreck invariant is motivated by, and the first proof of the Classification Theorem is based upon, the following result (proved at the end of §2).
Reduction Lemma (particular case). Let N be a closed connected orientable 3-manifold. Embeddings f, f ′ : N → R 6 are isotopic if and only if there is an orientationpreserving fiberwise diffeomorphism ϕ : ∂C f → ∂C f ′ and a homotopy H between h f and h f ′ • ϕ on ∂C f such that M ϕ is spin and p 1 (M ϕ ) ∪ y Now we turn to the second definition of the Kreck invariant. Clearly, every smooth (i.e. differentiable) map is piecewise differentiable. The forgetful map from the set of piecewise linear embeddings (immersions) up to piecewise linear isotopy (regular homotopy) to the set of piecewise differentiable embeddings (immersions) up to piecewise differentiable isotopy (regular homotopy) is a 1-1 correspondence [Ha67] . Therefore we can consider any smooth map as PL one, although this is incorrect literally.
Analogously to the above one can define the PL Whitney invariant W P L : Emb The second definition of the Kreck invariant.
Then by PL Classification Theorem there is a PL isotopy F between f and f ′ . By a PL isotopy we may assume that F smooth outside a fixed single point [Ha67, Ha] , cf. beginning of [BH70, Bo71] . Consider a small smooth oriented 6-sphere Σ with the center at the image of this point. Take the natural orientation on the 3-sphere
is the complete obstruction to the existence of a PL isotopy, relative to the boundary, from F to a smooth isotopy [Ha67, Ha] , cf. beginning of [BH70, Bo71] . (The integer σ(F ) is defined as η(F | F −1 Σ ) or as in [Ha62] ; it is independent on the choice of the isotopy making F smooth outside a fixed single point.) Define
This is well-defined by Smoothing Lemma (1) of §3. Now fix an embedding
Proof of the second equality in the Addendum. Using conical construction we can see that there is a PL isotopy F from kt to the standard embedding
Constructions of embeddings.
The results of this subsection, except the Compression Remark, are essentially known. The Hopf construction of an embedding
It is easy to check that f is an embedding. (The image of this embedding is given by the equations b 2 = 4ac, |a| 2 + |b| 2 + |c| 2 = 1.)
It would be interesting to calculate the above invariants W and η u for those 3-manifolds in R 6 which appear in the theory of integrable Hamiltonian systems. In particular, of a 3-manifold given by the equations
where R i and S i are variables while A 1 < A 2 < A 3 and c i are constants. This system of equations corresponds to the Euler integrability case. The other systems, together with descriptions of 3-manifolds arising from them (and depending on the parameters), can be found in [BF04, Chapter 14].
These equalities implies that the 3-manifold lies in S 2 × S 2 ⊂ R 5 ⊂ R 6 . We conjecture that any two embeddings N → R 6 whose images are in S 2 × S 2 ⊂ R 6 are isotopic.
Compression Remark is proved in §3. It answers for a particular case a classical problem in topology of manifolds [Ha66, Hi66, Gi67, Ti69, Vr89, RS01, CR05]. It would be interesting to prove 'the converse' to the Compression Remark: If f : N → R 6 is an embedding such that 2W (f ) = 0, then f is PL isotopic to an embedding f
Let N be an n-dimensional closed k-connected manifold PL embeddable into R
(the PL embeddability is equivalent toW n−k−1 = 0). Suppose that 1 ≤ k ≤ n−4. Then the image of the composition Emb
is the subgroup formed by elements of order 2 in H k+1 (N ). Here the coefficients are Z for n − k odd and Z 2 for n − k even, and W P L is bijective.
The proofs of this result or its smooth analogues does not work for 3-manifolds in R 5 because we cannot apply the smooth analogue of Penrose-Whitehead-Zeeman Embedding Theorem, and because we do not assume the 3-manifold N to be simply-connected and so the smooth analogue of [Vr89, Theorem 2.1] is false. Any isotopy class of embeddings N → R 6 can be constructed from certain given embedding N → R 6 by connected summation with an embedding S 3 → R 6 linked with the given embedding. This follows because the restrictions onto N 0 of embeddings N → R 6 are isotopic to each other [HH63, 3.1.b]. Note that to construct such a given embedding explicitly (but not using the Whitney trick) is an interesting problem.
Proof of the surjectivity of W . (This proof generalizes the construction of f from Corollary (b). This proof is essentially known but we present it for completeness.) Let C ′ g be the closure of the complement in R 6 to the space of the normal bundle to N restricted to N 0 (i.e. to the regular neighborhood of gN 0 modulo g∂B 3 ). By Alexander and Poincaré duality
. By general position and Alexander duality C ′ g is 2-connected. Hence the Hurewicz homomorphism
) is an isomorphism. So for each u ∈ H 1 (N ) there is a mapū : S 3 → C ′ g whose homotopy class goes to u under the composition of the above isomorphisms. Letû :
is simply-connected, we can modifyû by a homotopy relative to the boundary to an embedding f ′ : B 3 → C ′ g (using Whitney trick, see [Ha61] ). Define f to be g on N 0 and f ′ on B 3 . (Note that f depends on f ′ whose isotopy class is not unique.)
Clearly, f is smooth outside ∂B 3 . By a slight modification of f ′ we may assume that f is smooth on ∂B 3 (see the details in [HH63, bottom of p. 134]). Clearly, the class of
Proof of the PL Classification Theorem. The surjectivity of W P L is proved as above (using the Penrose-Whitehead-Zeeman Embedding Theorem [Hu69, Sk06, §2] instead of the Whitney trick). by (x, y, z) = (x 1 , x 2 , y 1 , y 2 , z 1 , z 2 ). The higher-dimensional trefoil knot t : S 3 → R 6 is obtained by joining with two tubes the higher-dimensional Borromean rings, i.e. the three spheres given by the following three systems of equations:
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A surgery proof of the Classification Theorem
New proof of Classification Theorem for N = S 3 .
Sketch of the proof of the surjectivity of η : Emb
We use the idea of [Ha66, 5.16 ] and the definition of X and e from the Wall definition of the Kreck invariant η : Emb 6 (S 3 ) → Z ( §1). It suffices to prove that η(t) = 1 for the higher-dimensional trefoil knot t. The higher-dimensional Borromean rings S 3 ⊔ S 3 ⊔ S 3 → R 6 span three 4-disks whose triple intersection is exactly one point [cf. Ha62, Sk06, Sk] . (Analogously to the Borromean rings S 1 ⊔ S 1 ⊔ S 1 → R 3 spanning three 2-disks whose triple intersection is exactly one point.) Take the higher-dimensional trefoil knot t : S 3 → R 6 obtained by joining Borromean rings with two tubes. Take its framing and the section formed by first vectors of the framing. This section spans an immersed 4-disk in C t whose triple self-intersection is exactly one point. The union of this disk with the disk
is an immersed 4-sphere representing the class De ∈ H 4 (X). Then 6η(t) = e 3 = De ∩ De ∩ De = 6.
The following argument is not used in the proof of the main result (it is covered by a more general proof of the Classification Theorem), but is useful to understand its main idea without going into details.
New proof of the injectivity of η : Emb 6 (S 3 ) → Z. Take the standard embedding g : S 3 → R 6 and an arbitrary embedding f : S 3 → R 6 such that η(f ) = 0. The manifold X from the Wall definition of the Kreck invariant η : Emb 6 (S 3 ) → Z ( §1) is spin. (Indeed, consider the stable spin structure on C f , i.e. a lifting C f → BSpin of the Gauss map ν : C f → BO classifying the normal bundle, induced from the standard stable spin structure on S 6 . Recall that the fiber of BSpin → BO is RP ∞ . Hence the obstruction to extending this structure to X is in H 2 (B 4 × ∂D 3 , ∂B 4 × ∂D 3 ; Z 2 ) = 0. So there is such an extension.)
Take an orientation-preserving fiberwise diffeomorphism ϕ :
The restrictions of h f and h g • ϕ to ∂C f are homotopic by Framing Lemma (a) below because the complete obstruction to homotopy of h f and
, so H is unique up to homotopy relative to the ends.) Recall the definition of y = y ϕ,H from the first definition of the Kreck invariant. By the proof of Kreck invariant Lemma (d) below we can take a framing ϕ of f so that p 1 (X) ∪ y = 0. We also have y * a 3 = 6η(f ) = 0. Hence by Reduction Lemma (particular case) f is isotopic to the standard embedding g. Thus η is injective.
Proof of Claim, Kreck invariant Lemma and Classification Theorem.
Since N is an orientable 3-manifold,w 1 (N ) = 0 andw 2 (N ) = 0. Alsoē(f ) = 0. Hence by [DW59] the normal bundle of f is trivial, i.e any embedding f : N → R 6 has a framing.
Framing Lemma. A framing of f defines an (orientation-preserving fiberwise) diffeomorphism ∂C f ∼ = N × S 2 and the Künneth isomorphism
If the restriction to N 0 of the framing of f is isotopic to a framingḡ :
Proof of (a). Let S 
Proof of (b). Since this assertion is invariant under an isotopy of f , we may assume that f = g on N 0 . Take a framing on N 0 whose first vector is orthogonal to R 5 ⊂ R 6 . Since π 2 (SO 3 ) = 0, it follows that this framing on N 0 extends to that on N . Denote by ξ f : N → ∂C f ⊂ C f the section formed by first vectors of the extended framing, ξ g : N → ∂C g ⊂ C g the upward-looking section for g, C ′ f the closure of the complement in R 6 to the space of the normal bundle to N restricted to N 0 (i.e. to the regular neighborhood of f N 0 modulo f ∂B 3 ),
Proof of Claim. The embedding f | N 0 is isotopic to an embedding whose image is in R 5 . Hence f has a framing satisfying to the assumptions of Framing Lemma (b). The ϕ-image of this framing is isotopic to the framing of f | N 0 and so also satisfies to the assumptions of Framing Lemma (b). Therefore by Framing Lemma (b)
. This implies the Claim.
Proof of Kreck invariant Lemma (a)
. By a spin structure we mean a stable spin structure. Recall that a stable spin structure on a manifold M is a framing of the stable normal bundle on 2-skeleton of M , and that stable spin structures are equivalent if they are equivalent over the 1-skeleton of M . The 2-skeleton of ∂C f ∼ = N × S 2 is contained in N 0 ∨ S 2 . So the manifold M ϕ is spin because the stable spin structure on ∂C f ′ induced from R 6 goes to that on ∂C f under ϕ.
Proof of Kreck invariant Lemma (b).
By Ω spin 6
(CP ∞ ) it is denoted the group of spin cobordism classes of maps y : M → CP ∞ from a spin 6-manifold. Define a map
Then ω is a monomorphism [Fu94, proof of Proposition 1.1].
Recall that the group Ω spin 6 (CP ∞ ) is generated by maps CP 3 ⊂ CP ∞ and 'bordism
where K is the Kummer surface. Hence im ω = (4, 1), (−24, 0) . Now the required assertion follows because M ϕ is spin.
Proof Kreck invariant Lemma (c). Let H, H ′ : ∂C f × I → CP ∞ be two homotopies between the restrictions of h f ′ and h f to ∂C f = ∂C f ′ . Define
Since M ϕ is spin, it follows that M ϕ × 2D 1 is spin, so W is spin. Then G is a spin cobordism between [y ϕ,H ] − [y ϕ,H ′ ] and [G| ∂C f ×S 1 ], where we identify with ∂C f × S 1 the boundary component of W homeomorphic to ∂C f × S 1 . Since ∂C f × S 1 ∼ = N × S 2 × S 1 is parallelizable, it follows that p 1 (∂C f × S 1 ) = 0. Since f | N 0 is isotopic to g| N 0 , it follows that there is a framing of f satisfying to the assumptions of Framing Lemma (b). By Framing Lemma (a) and (b) the class G| *
Here the isomorphism
is defined by the framing. If X and Y are connected manifolds and i : H k (X) → H k (X × Y ) is the inclusioninduced homomorphism, then iα ∩ iα = 0 for each α ∈ H k (X). (This well-known result follows because the class iα is represented by any of disjoint cycles A × y 1 and A × y 2 , where the cycle A represents α.)
Therefore the squares of [S 2 ] ⊕ 0 ⊕ 0, 0 ⊕ DW (f ) ⊕ 0 and 0 ⊕ 0 ⊕ α are zeroes. Hence
Proof Kreck invariant Lemma (d).
The independence on H implies that η(f, f ′ ) is independent on change of ϕ by an isotopy. First we prove that ϕ is unique over N 0 up to isotopy. If two framings ξ, ξ 1 over N 0 of the normal bundle of f are isotopic, then for large enough m their compositions with the inclusion R 6 ⊂ R m are isotopic relatively
, SO] induced by the inclusion SO 3 ⊂ SO is a 1-1 correspondence (indeed, N 0 retracts to a 2-dimensional complex, the group π 1 (SO 3 ) is stable and the group π 2 (SO 3 ) = π 2 (SO 4 ) = 0 is stable). Therefore ξ and ξ 1 are isotopic relative to N 0 .
Recall that change of ϕ on B 3 mod ∂B 3 is composition with an (orientation-preserving fiberwise) autodiffeomorphism ψ of ∂C f defined by twisting by certain element of π 3 (SO 3 ) ∼ = Z which we denote by the same letter ψ. The maps h f , h f • ψ : ∂C f → CP ∞ are homotopic because they coincide on the normal bundle to N 0 . Denote by H ψ a homotopy between them. Define
.
Define a map G ψ : W ψ → CP ∞ by the same formula as that for G in the previous proof, in which we take
Since f | N 0 is isotopic to g| N 0 , it follows that there is a framing of f satisfying to the assumptions of Framing Lemma (b). Take the decomposition ∂C f = N × S 2 defined by an extension of the framing. Define
Identify with X the boundary component of V homeomorphic to X. Since G id | ∂C f ×S 1 spin-extends to ∂C f × D 2 and G ′ is a spin cobordism, we have
The 6-manifold X is obtained from S 6 by surgery on the trivial knot with the framing q : S 3 ×D 3 → S 6 such that the linking coefficient of q(S 3 ×0) and q(S 3 ×z), z = 0, is ψ. (Note that e.g. X = CP 3 for ψ = 1 and X = S 2 × S 4 for ψ = 0.) Clearly,
For a map y : M → CP ∞ of a spin manifold M denote Λ(y) := p 1 (M ) ∪ y * a − 4y * a 3 . Since this is a spin cobordism invariant, it follows that
Proof of Classification Theorem. The surjectivity of W is already proved, so it remains to prove the bijectivity of η u for each u ∈ H 1 (N ). By Addendum η u is surjective. We
. Thus in order to prove that η u is injective it suffices to prove that
, we can construct H and y = y ϕ,H as in the first definition of the Kreck invariant. From η(f, f ′ ) = 0 by the proof of Kreck Invariant Lemma (d) it follows that we can achieve p 1 (M ϕ ) ∪ y * a = 0 by a change of ϕ and certain corresponding change of H. In the proof of Kreck Invariant Lemma (c) the element α can assume any value for right choice of H. Hence we can achieve y * a 3 = 0 by a change of H (with fixed ϕ). Since M ϕ is spin, by Reduction Lemma (particular case) this implies that f and f ′ are isotopic.
Reduction Lemma.
Recall that a map is a q-equivalence if it induces in homotopy groups an isomorphism up to dimension q − 1 and an epimorphism in dimension q.
Let p : BO q + 1 → BO be a fibration inducing isomorphism on π i for i ≥ q + 1, where BO q + 1 is q-connected.
For a fibration π : B → BO we denote by Ω s (B) the group of bordism classes of maps ν : M → B lifting the stable Gauss map ν : M → BO, where M is an s-submanifold of R k , k is large. This should be denoted by Ω s (π) but no confusion would appear. This group is the same as Ω s (B, π * t) in the notation of [Ko88] . In this notation Ω spin 6
Reduction Lemma. Let q be an odd integer, 3 ≤ n ≤ 2q − 3 and f, f ′ : N → R 2q be embeddings of a closed connected n-manifold N . Embeddings f and f ′ are isopositioned if and only if there is an orientation-preserving equivalence of their normal bundles such that for the induced identification ∂C f = ∂C f ′ , the union C f ∪C f ′ along this identification and some embedding C f ∪ C f ′ → R 5q the following condition holds. There exist a space C, q-equivalences h : C f → C and h ′ : C f ′ → C coinciding on ∂C f = ∂C f ′ , and a lifting l : C f ∪ C f ′ → BO q + 1 of the Gauss map (i.e. classifying map of normal bundle) ν :
The 'only if' direction is obvious. Let us prove the 'if' direction. We use the following result [Kr99, Theorem 4 and Corollary 4].
Let q ≥ 3 and W be a connected (2q + 1)-manifold whose boundary is represented as a union along common boundary of connected 2q-manifolds M 0 and M 1 with the same Euler characteristic. Let π : B → BO be a fibration andν : W → B be a lifting of the Gauss map ν : W → BO (we assume that W is embedded into R 5q ) such thatν| M 0 and ν| M 1 are q-equivalences. Then the identification ∂M 0 = ∂M 1 extends to a diffeomorphism
The Euler characteristics of C f and C f ′ are the same by Alexander duality. Denote B :
, it follows that there is a zero bordism ν : W → B of (h∪h ′ )×l. Since h and h ′ are q-equivalences and BO q + 1 is q-connected, it follows thatν|
Therefore by the above-cited result the identification ∂C f = ∂C f ′ extends to an orientation-preserving diffeomorphism C f ∼ = C f ′ . Since any orientation-preserving diffeomorphism of R 2q is isotopic to the identity, it follows that f and f ′ are isotopic.
The particular case of Reduction Lemma is implied by the general case by setting C := CP ∞ and h ′ := H ∪ h f ′ because BO 4 = BSpin and the map ω defined in the proof of Kreck invariant Lemma (b) is a monomorphism.
A smoothing proof of (higher-dimensional) Classification Theorem
A PL concordance between smooth embeddings f, f ′ : N → R 6 is a PL embedding
Smoothing Lemma. Let F be a PL concordance between smooth embeddings f and f ′ . Then (1) for each PL concordance F ′ between f and f ′ the integer σ(
(2) for each n ∈ Z there exists a PL concordance
We postpone the proof of this Lemma based on the Boéchat-Haefliger formula for smoothing obstruction.
Proof of Classification Theorem. Literally the same as in the proof of §2 it remains to prove that
, by PL Classification Theorem there is a PL isotopy F between f and f ′ . Since η(f, f ′ ) = 0, by Smoothing Lemma (2) there exists a PL concordance F ′ between f and f ′ such that σ(F ′ ) = 0. So F ′ is PL concordant relatively to the boundary to a smooth isotopy. Thus f is isotopic to f ′ .
For the proof of Smoothing Lemma we need the following definitions and results. By a section we always mean a section of a normal bundle.
Take a section ξ : N 0 → ∂C f . Extend the corresponding vector field over N so that the zeroes of the obtained vector field ξ ′ are inside B 3 . Take a small ε such that the formulā 
is the Alexander duality isomorphism.
Take an unlinked section ξ : N 0 → ∂C f and define the Boéchat-Haefliger invariant
We have BH(f ) mod 2 = w 2 (N ) = 0. (Note that this invariant unlike the Whitney invariant is independent on the choice of the embedding g.)
The Boéchat-Haefliger invariant Lemma. BH(f ) = ±2DW (f ).
Proof. Since both BH(f ) and W (f ) are invariant under isotopy of f , we may assume that f = g on N 0 . Let ξ : N 0 → ∂C g be the unlinked section for g (it is normal to R 5 ⊂ R 6 ). It is also a section for f on N 0 . Construct an embeddingξ : 
The definitions of an unlinked section and the Boéchat-Haefliger invariant are analogous for a closed orientable 4-manifold M and an embedding F : M → R 7 (with obvious changes: now C F is the closure of the complement in S 7 to a tubular neighborhood of F (N ), and N 0 is the complement to a 4-ball in N ). The Boéchat-Haefliger Lemma (a) generalizes as follows: an unlinked section exists and is unique on 2-skeleton of N [BH70, Proposition 1.3, Lemme 1.7]. We have BH(f ) mod 2 = w 2 (M ) (which could now be non-zero).
Proof of (1) in Smoothing Lemma. Two PL isotopies F and F ′ between f and f ′ form together an embedding
by the composition of the Poincaré and the Künneth isomorphisms. Now (1) follows because
±W (f )∩α for some α ∈ H 2 (N ). Here the first equality is clear. The second follows by [BH70, Théorème 2.1, cf. Bo71, Fu94] . Let us prove the third equality. Since N × S 1 is parallelizable, it follows that p 1 (N × S 1 ) = 0. Thus it suffices to prove that DBH(F ∪ F ′ ) ∈ ±2W (f ) ⊕ 2H 2 (N ). Since BH(F ∪ F ′ ) mod 2 = w 2 (N × S 1 ) = 0, it follows that the projection of BH(F ∪ F ′ ) onto the second summand H 2 (N ) is an even element. The isotopies F and F ′ are ambient and we may assume that the corresponding enveloping isotopies R 6 × I × I → R 6 × I × I are smooth outside balls in
]. Hence an unlinked section of f can be extended to an unlinked section Ξ of F ∪ F ′ . So the projection of DBH(F ∪ F ′ ) onto the first summand is
Let us prove the fourth equality. We can represent elements
respectively, where S is a circle in N and X is a 2-cycle in N . We have (0
Clearly, there is a circle S ′ in N homologous to S and disjoint with S. Thus (W (f )⊕0) 2 = (S×S 1 )∩(S ′ ×S 1 ) = 0. We also have (X×1)∩(S×S 1 ) = (X∩S)×1. All this implies the fourth equality.
Proof of (2) in Smoothing Lemma. Let B 4 ⊂ N × (0, 1) be a ball and denote
. By general position, C ′ is simply-connected. By Alexander and Poincaré duality
Thus C ′ is 2-connected. Hence the Hurewicz homomorphism
is an epimorphism. Analogously to the proof of the surjectivity of W (and using MayerVietoris sequence) for each α ∈ H 2 (N ) we can modify F to Proof of Higher-dimensional Classification Theorem (a). For 1 ≤ p ≤ 2k − 2 we have 2 · 6k ≥ 3p + 2(4k − 1 − p) + 4 and 6k ≥ 2p + 4k − 1 + 3. Hence by [Sk02, Theorem 1.3.α, Sk06, Group Structure Theorem 3.7, Sk, Group Structure Theorem 2.1] we have the exact sequence of groups
The map ζ is injective because analogously to the proof of Smoothing Lemma (1) we have
Here the second equality holds by [Bo71, Théorème 5.1] while the third equality holds because
This sequence splits because α has a right inverse τ [Sk02, Torus Lemma 6.1, Sk06, Torus Lemma 6.1].
Proof of the Compression Remark. The section ξ for f normal to R 5 ⊂ R 6 is unlinked. The normal bundle of any codimension 2 embedding of an orientable manifold is trivial. Hence ±2DW (f ) = BH(f ) = e(ξ ⊥ ) = 0.
Some remarks and conjectures
(1) Notice that our classification of smooth embeddings N → R 6 is similar to the Pontryagin classification of homotopy classes of maps N → S 2 (or, which is the same, non-zero vector fields on N ) [CRS05] . It would be interesting to construct maps [N ; S 2 ] ↔ Emb 6 (N ). (The following idea could perhaps be used to construct a map to the right. Given a map ϕ : N → S 2 take the map ϕ × pr 2 : N × S 2 → S 2 = CP 1 ⊂ CP ∞ , prove that the latter is zero-bordant, use the zero-bordism as a model for C f and analogously to [Fuq94] by surgery obtain C f and f .) 
. It would be interesting to know if the element (1, 1) is in its range (the other elements of Z 2 ⊕ Z 2 clearly are), cf. [Bo71] .
(4) Analogously the Whitney invariant could be defined for an embedding g : N → R 6 such that g(N ) ⊂ R 5 , but this is less convenient e.g. because in the main result we would
Here the condition f = f ′ on N 0 is essential because throughout an isotopy of f making f = f ′ on N 0 the property f (N ) ⊂ R 5 may be lost. (6) The Whitney invariant can analogously be defined for embeddings of (2n − m)-connected closed n-manifolds into R m . But for m − n even only W (f ) mod 2 is independent on the isotopy making f = g outside B n , because for the equivalent definition in Remark (c) after the definition of the Whitney invariant we have ∂Σ(H) = 0 only mod 2 (since H is not necessarily an immersion). 5 , but we would anyway need such an isotopy to prove Framing Lemma (b).) Fix a stable normal framing s of N 0 some embedding N 0 → R 8 coming from R 5 (this is a stable spin structure on N ). The following construction depends on the choice of s, but we write η and W 1 not η s and W 1s for shortness.
By ν f we denote the normal bundle of f . A framing of ν(f | N 0 ) is called spin, if its sum with the standard framing of R 6 ⊂ R 8 is isotopic to the chosen stable framing on N 0 . (The reason for such a name would be clear from the sequel; spin framing of ν(f | N 0 ) should not be confused with a spin structure in ν(f | N 0 ).)
Analogously to the proof of Kreck invariant (d), for any stable framing s on N 0 and each embedding f : N → R 6 there exists a unique (up to isotopy) spin framing of ν(f | N 0 ). Let ξ 0 : N 0 → ∂C f ⊂ C f be the section formed by first vectors of the spin framing. Define W 1 (f ) := r −1 ξ
